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On a conjecture of Erdo˝s about sets without k
pairwise coprime integers
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Abstract
Let Z+ be the set of positive integers. Let Ck denote all subsets of Z
+ such that nei-
ther of them contains k+1 pairwise coprime integers and Ck(n) = Ck∩{1, 2, . . . , n}.
Let f(n, k) = maxA∈Ck(n)|A|, where |A| denotes the number of elements of the set
A. Let Ek(n) be the set of positive integers not exceeding n which are divisible
by at least one of the primes p1, . . . , pk, where pi denote the ith prime number. In
1962, Erdo˝s conjectured that f(n, k) = |E(n, k)| for every n ≥ pk. Recently Chen
and Zhou proved some results about this conjecture. In this paper we solve an open
problem of Chen and Zhou and prove several related results about the conjecture.
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1 Introduction
Let Z+ be the set of positive integers and pi denote the ith prime number. For a set
A ⊆ Z+, we define A(n) = A ∩ {1, 2, . . . , n}. Let Ck denote all subsets of Z
+ such that
neither of them contains k + 1 pairwise coprime integers. Let f(n, k) = maxA∈Ck(n)|A|,
where |A| denotes the number of elements of A. Let Ek be the set of positive integers
which are divisible by at least one of the primes p1, p2, . . . , pk. Clearly Ek(n) ∈ Ck(n).
Hence f(n, k) ≥ |Ek(n)| for all integers n, k and f(n, k) = n = |Ek(n)| + 1 if n < pk.
In 1962, Erdo˝s [4], [5] conjectured that f(n, k) = |Ek(n)| for every n ≥ pk. It can be
proved easily that this conjecture holds for k = 1 and k = 2. For k = 3, the conjecture
was proved by Choi [3] and independently by Szabo´ and To´th [8]. Choi [3] also showed
that for n ≥ 150, if A ∈ C3(n) and |A| = |E3(n)|, then A = E3(n). Later, Mo´csy [6]
proved that the Erdo˝s’ conjecture holds for k = 4 and Ahlswede and Khachatrian [1]
disproved the conjecture for k = 212. In [2] Chen and Zhou gave a new proof for k = 4
and disproved the conjecture for k = 211. Beyond these, they also proved some related
results and posed the following problem (see [2, Problem 3]).
Chen and Zhou’s problem. Is lim supk→∞ supn≥1(f(n, k)− |Ek(n)|) < +∞?
In this paper, we answer this problem.
Theorem 1. lim supk→∞ supn≥1(f(n, k)− |Ek(n)|) = +∞.
Theorem 1 implies that the conjecture of Erdo˝s is false for infinitely many k, which
also solves Problem 2 in [2].
On the other hand, motivated by the method of Pintz [7] about the gaps between
primes, we pose the following problem.
Problem 1. Find a suitable function g(k)→∞ such that
lim sup
k→∞
supn≥1(f(n, k)− |Ek(n)|)
g(k)
> 0.
We also pose the following natural problem.
Problem 2. Is it true that supn≥1(f(n, k) − |Ek(n)|) < +∞ holds for every positive
integer k?
For an infinite positive integers set A, we define
d¯(A) = lim sup
n→+∞
|A(n)|
n
, d(A) = lim inf
n→+∞
|A(n)|
n
.
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If d¯(A) = d(A), then we define d(A) := d¯(A) = d(A).
Now we have the following conjecture.
Conjecture 1. If A ∈ Ck and A 6⊆ Ek, then d¯(A) < d(Ek) = 1−
ϕ(p1p2···pk)
p1p2···pk
.
Let Bk denote the set of positive integers m such that m is divisible by at least one of
the primes p1, p2, . . . , pk−1, pk+1. Clearly Bk(n) ∈ Ck(n), Bk(n) 6⊆ Ek(n) if n ≥ pk+1, and
Bk(n) =
p1p2 · · · pk−1 · pk+1 − ϕ(p1p2 · · · pk−1 · pk+1)
p1p2 · · · pk−1 · pk+1
n+O(1)
=
(
p1p2 · · · pk − ϕ(p1 · · · pk)
)
· pk+1 − ϕ(p1p2 · · ·pk−1)(pk+1 − pk)
p1p2 · · ·pkpk+1
n+O(1).
We guess that Conjecture 2 can be sharpened in the following quantitative form.
Conjecture 2. For any positive integer k, let Pk = p1p2 · · · pk, where pi denotes the ith
prime. If A ∈ Ck, a ∈ A \Ek, then
|A(n)| ≤
(Pk − ϕ(Pk))a− ϕ(Pk−1)(pk+1 − pk)
Pk · a
n+ ck,
where ck is a constant only depending on k.
In this paper, we prove that Conjecture 2 holds for k = 1, 2, 3.
Theorem 2. Conjecture 2 is true for k = 1, 2, 3.
Corollary 1. (1) If A ∈ C1 and a ∈ A \ E1, then d¯(A) ≤
a−1
2a
;
(2) If A ∈ C2 and a ∈ A \ E2, then d¯(A) ≤
4a−2
6a
;
(3) If A ∈ C3 and a ∈ A \ E3, then d¯(A) ≤
22a−4
30a
.
Corollary 2. Conjecture 1 is true for k = 1, 2, 3.
If f and g are real functions, then f ≪ g (f ≫ g) means that there is an absolute
positive constant c such that f(x) ≤ cg(x) (f(x) ≥ cg(x)) for all sufficiently large x.
We give lower bounds of the difference of |Ek(n)| and max
A∈C1(n)
A 6⊆E1(n)
|A| .
Theorem 3. (1). |E1(n)| − max
A∈C1(n)
A 6⊆E1(n)
|A| ≫
n
(log log n)2
;
(2). |E2(n)| − max
A∈C2(n)
A 6⊆E2(n)
|A| ≫
n
(log logn)5
.
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Finally we show that the bound in Theorem 3 is nearly best possible.
Theorem 4. For any positive integer k, there exists a set of positive integers A such that
A ∈ Ck(n), A 6⊆ Ek(n) and
|Ek(n)| − |A| ≪k
n
log logn
.
Remark 1. By Theorems 3 and 4, we have
n
(log logn)2
≪ min
A⊆C1(n)
A 6⊆E1(n)
(|E1(n)| − |A|)≪
n
log log n
,
n
(log logn)5
≪ min
A⊆C2(n)
A 6⊆E2(n)
(|E2(n)| − |A|)≪
n
log log n
.
Problem 3. Is it true that
|E1(n)| − max
A∈C1(n)
A 6⊆E1(n)
|A| ≫
n
log logn
?
We think that the statement of Theorem 3 is true in general.
Conjecture 3. For every k ≥ 1 there exists a constant ck and a positive integer nk such
that for n ≥ nk
|Ek(n)| − max
A∈Ck(n)
A 6⊆Ek(n)
|A| ≫
n
(log log n)ck
.
2 Proof of Theorem 1
First we will prove the following lemma.
Lemma 1. Let l be a positive integer. Then there exist infinitely many positive integers
t such that ptpt+2l > p
2
t+2l−1.
Proof. Let dn denote the difference between consecutive primes, i.e., dn = pn+1 − pn. In
[7], Ja´nos Pintz proved that
lim sup
t→∞
dt+2l−1
max{dt, dt+1, . . . , dt+2l−2}
= +∞.
It follows that there exist infinitely many t such that
dt+2l−1
max{dt, dt+1, . . . , dt+2l−2}
≥ 8l2.
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In this case we have
p2t+2l−1 ≤ (pt + 2lmax{dt, dt+1, . . . , dt+2l−2})
2 (1)
≤ p2t + 4l
2ptmax{dt, dt+1, . . . , dt+2l−2}+ 4l
2(max{dt, dt+1, . . . , dt+2l−2})
2.
On the other hand we have
ptpt+2l ≥ pt(pt + dt+2l−1) ≥ pt(pt + 8l
2max{dt, dt+1, . . . , dt+2l−2}) (2)
= p2t + 8l
2ptmax{dt, dt+1, . . . , dt+2l−2}.
In view of (1) and (2) it is enough to prove that
p2t + 4l
2ptmax{dt, dt+1, . . . , dt+2l−2}+ 4l
2(max{dt, dt+1, . . . , dt+2l−2})
2
≤ p2t + 8l
2ptmax{dt, dt+1, . . . , dt+2l−2},
which is equivalent to
max{dt, dt+1, . . . , dt+2l−2} ≤ pt.
The latter statement is obviously holds in view of the fact that dt+i = O(t
2/3) holds for
every 1 ≤ i ≤ l.
Now we are ready to prove Theorem 1. Let l be a fixed positive integer. By Lemma
1, there exists an infinitely many integers t such that ptpt+2l > p
2
t+2l−1, p
2
t > pt+2l and
pt >
pt+2l
2
. For any such an integer t, we choose n such that p2t+2l−1 ≤ n < ptpt+2l and let
B =
{
m : 1 ≤ m ≤ n,
(
m,
t−1∏
i=1
pi
)
6= 1
}
,
C = {pt+ipt+j : 0 ≤ i ≤ l − 1, i < j ≤ 2l − 1},
D = {pt+i : 0 ≤ i ≤ l − 1} ∪ {p
2
t+i : 0 ≤ i ≤ l − 1}.
Now we verify that Et+l−1(n) = B ∪ C ∪ D is a suitable decomposition. For any m ∈
Et+l−1(n) \B, let pt+i be the smallest prime divisor of m. Clearly 0 ≤ i ≤ l − 1.
If there exists a prime pt+j with pt+j 6= pt+i such that pt+j | m and pt+ipt+j ≤ n, then
by n < ptpt+2l and pt+i ≥ pt, we have pt+j < pt+2l. Hence, i < j ≤ 2l − 1. Noting that
pt+ipt+j | m and 2pt+ipt+j ≥ 2p
2
t > ptpt+2l > n ≥ m, we have m ∈ C.
If there does not exist a prime divisor of m different from pt+i, then by p
3
t > ptpt+2l >
n ≥ m we have m ∈ D.
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Define D
′
= {pt+ipt+j : l ≤ i ≤ 2l−2, i < j ≤ 2l−1} and A(n, t+ l−1) = B∪C∪D
′
.
Then
C ∪D
′
= {pt+ipt+j : 0 ≤ i ≤ 2l − 2, i < j ≤ 2l − 1}.
Clearly C ∪D
′
contains at most l integers which are pairwise coprime to each other and
the set B contains at most t − 1 integers which are pairwise coprime to each other. It
follows that A(n, t+ l− 1) contains at most t+ l− 1 integers which are pairwise coprime
to each other, which implies that f(n, t+ l − 1) ≥ |A(n, t+ l− 1)|. It is easy to see that
|D
′
| = (l − 1) + (l − 2) + . . . + 1 = l(l−1)
2
. Thus we have
f(n, t+ l − 1)− |Et+l−1(n)| ≥ |A(n, t+ l − 1)| − |Et+l−1(n)|
= |D
′
| − |D| =
l(l − 1)
2
− 2l =
l(l − 5)
2
.
This completes the proof of Theorem 1.
3 Preliminary Lemmas
In this section, we present some lemmas for the proof of Theorem 2.
Lemma 2. Let k be a nonnegative integer. If |A ∩ (30k + {1, 3, 4, 5, 7, 8, 11, 13})| ≥ 5
or |A ∩ (30k + {17, 19, 22, 23, 25, 26, 27, 29})| ≥ 5, then A contains 4 pairwise coprime
integers.
This Lemma follows from the proof of Lemmas 2 and 3 in [3] immediately.
Lemma 3. Let k be a nonnegative integer. If 7 ∈ A and |A ∩ {7k + 1, 7k + 2, . . . , 7k +
6, 7k + 7}| ≥ 6, then A contains 4 pairwise coprime integers.
Proof. It is enough to prove that, if |A∩{7k+1, 7k+2, . . . , 7k+6}| ≥ 5, then A contains
3 pairwise coprime integers. Without loss of generality, we may assume that 7k + 1 is
odd. Otherwise, we can replace 7k + a by 7k + 7− a for a = 1, 2, . . . , 6.
If 7k+3 ∈ A, by |A∩{7k+1, 7k+2, . . . , 7k+6}| ≥ 5, then either {7k+1, 7k+2, 7k+3} ⊆
A or {7k + 3, 7k + 4, 7k + 5} ⊆ A, and so A contains 3 pairwise coprime integers.
Now we suppose that 7k + 3 6∈ A. Let x ∈ {7k + 2, 7k + 4} satisfy 3 ∤ x. Then
x, 7k + 1, 7k + 5 ∈ A are pairwise coprime.
Lemma 4. Let k be a nonnegative integer. If 13 ∈ A and |A∩{13k+1, 13k+2, . . . , 13k+
12, 13k + 13}| ≥ 10, then A contains 4 pairwise coprime integers.
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Proof. Write S1 = {13k+1, 13k+3, 13k+5, 13k+7, 13k+9, 13k+11} and S2 = {13k+
2, 13k+4, 13k+6, 13k+8, 13k+10, 13k+12}. Clearly we have |A∩(S1∪S2)| ≥ 9. Since 13 is
coprime to all integers belong to S1 and S2, it is enough to prove that A∩(S1∪S2) contains
3 pairwise coprime integers. Without loss of generality, we assume that 2 ∤ 13k + 1.
Otherwise, we can replace 13k + a by 13k + 13 − a for a = 1, 2, . . . , 12. We notice that
13k+1, 13k+3, 13k+5 are pairwise coprime and 13k+7, 13k+9, 13k+11 are also pairwise
coprime. Hence, if {13k + 1, 13k + 3, 13k + 5} ⊆ A or {13k + 7, 13k + 9, 13k + 11} ⊆ A,
then the result is true. Now we assume that |A∩S1| ≤ 4. Noting that |A∩ (S1∪S2)| ≥ 9
and |A ∩ S2| ≤ 6, we have |A ∩ S1| ≥ 3. Hence |A ∩ S1| = 3 or 4.
Case 1. |A∩ S1| = 3. In this case, we have S2 ⊆ A. If there are two consecutive odd
terms in A, then these two odd integers and the even integer between them are pairwise
coprime. Since 13k+1, 13k+5, 13k+9 are pairwise coprime and 13k+3, 13k+7, 13k+
11 are also pairwise coprime, the result is true if {13k + 1, 13k + 5, 13k + 9} ⊆ A or
{13k + 3, 13k + 7, 13k + 11} ⊆ A. Hence, we only need to consider the cases A ∩ S1 =
{13k + 1, 13k + 5, 13k + 11} or {13k + 1, 13k + 7, 13k + 11}.
Subcase 1.1. A∩S1 = {13k+1, 13k+5, 13k+11}. If 3 ∤ 13k+1, then 13k+1, 13k+
4, 13k+5 ∈ A are pairwise coprime. If 3 ∤ 13k+5, then 13k+1, 13k+2, 13k+5 ∈ A are
pairwise coprime.
Subcase 1.2. A∩S1 = {13k+1, 13k+7, 13k+11}. If 3 ∤ 13k+7, then 13k+7, 13k+
10, 13k+11 ∈ A are pairwise coprime. If 3 ∤ 13k+11, then 13k+7, 13k+8, 13k+11 are
pairwise coprime.
Case 2. |A ∩ S1| = 4. It follows that |A ∩ S2| = 5.
Subcase 2.1. 13k + 1 6∈ A. It follows that A ∩ S1 has two pairs of consecutive odd
terms. Assume that a, a + 2, b, b + 2 ∈ A, where a, b ∈ S1. By |A ∩ S2| = 5, we have
A∩{a+1, b+1} ≥ 1. Hence a, a+1, a+2 ∈ A or b, b+1, b+2 ∈ A are pairwise coprime.
Subcase 2.2. 13k + 1 ∈ A. By the arguments above, we may assume that A does not
contain two pairs of consecutive odd terms and
|A ∩ {13k + 1, 13k + 3, 13k + 5}| ≤ 2, |A ∩ {13k + 7, 13k + 9, 13k + 11}| ≤ 2,
|A ∩ {13k + 1, 13k + 5, 13k + 9}| ≤ 2, |A ∩ {13k + 3, 13k + 7, 13k + 11}| ≤ 2.
Now we only need to consider the case
A ∩ S1 = {13k + 1, 13k + 5, 13k + 7, 13k + 11}.
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If 13k+6 ∈ A, then 13k+5, 13k+6, 13k+7 are pairwise coprime. Hence we assume that
13k+6 6∈ A, and so (S2 \{13k+6}) ⊆ A. If 3 ∤ 13k+5, then 13k+5, 13k+7, 13k+8 are
pairwise coprime. If 3 ∤ 13k + 7, then 13k + 4, 13k + 5, 13k+ 7 are pairwise coprime.
4 Proof of Theorem 2 when k = 1
Proposition 1. Let A ∈ A1 and a ∈ A \ F1. Then for any positive integer n,
|A(n)| ≤
a− 1
2a
n+
3
2
.
Proof. Clearly, 2 ∤ a. For any nonnegative integer k, we have
|A ∩ {2ka+ 2j − 1, 2ka+ 2j}| ≤ 1, j = 1, 2, . . . , a.
Furthermore, since a, 2ka + a − 2, 2ka + a − 1 are pairwise coprime, it follows that
|A ∩ {2ka + a − 2, 2ka + a − 1}| = 0. Hence, for any nonnegative integer k, we have
|A ∩ {2ka + 1, 2ka+ 2, . . . , 2ka+ 2a}| ≤ a− 1.
Let n = 2aq1 + 2q2 + r, where 0 ≤ q2 ≤ a − 1 and 0 ≤ r ≤ 1. Then |A(n)| ≤
q1(a− 1) + q2 + r. Now it is enough to prove that
q1(a− 1) + q2 + r ≤
a− 1
2a
(2aq1 + 2q2 + r) +
3
2
.
That is, q2
a
+ a+1
2a
r ≤ 3
2
. It is clear that
q2
a
+
a+ 1
2a
r ≤
q2
a
+
a+ 1
2a
≤
a− 1
a
+
a+ 1
2a
=
3a− 1
2a
<
3
2
.
Therefore, |A(n)| ≤ a−1
2a
n+ 3
2
.
5 Proof of Theorem 2 when k = 2
Proposition 2. Let A ∈ A2 and a ∈ A \ F2. Then for any positive integer n,
|A(n)| ≤
4a− 2
6a
n+
11
3
.
Proof. There exist two integers n1, n2 ∈ {0, 1, . . . , a−1} such that a | 6n1−1, a | 6n2+7.
It is clear that n1 6= n2. Otherwise, we have a | 8, a contradiction. Now we shall prove
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that, for i = 1, 2, if |A ∩ {6ni + 1, 6ni + 2, . . . , 6ni + 6}| ≥ 4, then A contains 3 pairwise
coprime integers.
Case 1. a | 6n1− 1. By |A∩ {6n1+1, 6n1 +2, . . . , 6n1 +6}| ≥ 4, we have |A∩ {6n1 +
1, 6n1 + 2, 6n1 + 3, 6n1 + 5}| ≥ 2. We choose two elements c, d ∈ A ∩ {6n2 + 1, 6n2 +
2, 6n2 +3, 6n2 +5}. Since 6n2− 1, 6n2 +1, 6n2 +2, 6n2 +3, 6n2 +5 are pairwise coprime,
it follows that a, c, d ∈ A are pairwise coprime.
Case 2. a | 6n2 +7. By |A∩ {6n2+1, 6n2+2, . . . , 6n2+6}| ≥ 4, we have |A∩ {6n2 +
1, 6n2 + 3, 6n2 + 4, 6n2 + 5}| ≥ 2. We choose two elements e, f ∈ A ∩ {6n2 + 1, 6n2 +
3, 6n2 +4, 6n2 +5}. Since 6n2 +1, 6n2 +3, 6n2 +4, 6n2+5, 6n2 +7 are pairwise coprime,
it follows that a, e, f ∈ A are pairwise coprime.
Hence, by A ∈ A2, for i = 1, 2, we have |A ∩ {6ni + 1, 6ni + 2, . . . , 6ni + 6}| ≤ 3. Let
n = 6aq1+6q2+ r, where 0 ≤ q2 < a and 0 ≤ r ≤ 5. Then |A(n)| ≤ (4a− 2)q1+4q2+ r.
Now we need to prove
(4a− 2)q1 + 4q2 + r ≤
4a− 2
6a
(6aq1 + 6q2 + r) +
11
3
.
That is,
(2a+ 2)r + 12q2
6a
≤
11
3
.
Clearly we have
(2a+ 2)r + 12q2
6a
≤
5(2a+ 2) + 12(a− 1)
6a
≤
22a
6a
=
11
3
.
6 Proof of Theorem 2 when k = 3
Proposition 3. Let A ∈ A3 and a ∈ A \ F3. Then for any positive integer n,
|A(n)| ≤
22a− 4
30a
n+
176
15
.
Proof. Since a 6∈ F3, it follows that (a, 30) = 1.
We first consider the case a = 7. Let n = 7s+r, 0 ≤ r ≤ 6. Then, for any nonnegative
integer k, by Lemma 3, we have |A ∩ {7k + 1, 7k + 2, . . . , 7k + 7}| ≤ 5. Hence
|A(n)| ≤ 5s+ r =
22 · 7− 4
30 · 7
· 7s+ r =
22a− 4
30a
(7s+ r) +
8a+ 4
30a
r ≤
22a− 4
30a
n +
176
15
.
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Next we consider the case a = 13. Let n = 13s + r, 0 ≤ r ≤ 12. For any positive
integer k, by Lemma 4, we have |A∩{13k+1, 13k+2, . . . , 13k+13}| ≤ 9. It also follows
from Lemma 4 that |A∩{1, 2, . . . , 13}| ≤ 10. Hence |A(n)| ≤ 9s+r ≤ 22×13−4
30×13
·(13s)+r =
22a−4
30a
(13s+ r) + 8a+4
30a
r ≤ 22a−4
30a
n+ 176
15
.
Now we may assume that a 6= 7, 13. Then there exist four distinct integers n1, n2, n3, n4 ∈
{0, 1, . . . , a− 1} such that a | 30n1 − 1, a | 30n2 + 31, a | 30n3 − 11, a | 30n4 + 41. Now
we shall prove that, for i = 1, 2, 3, 4, if |A∩{30ni+1, 30ni+2, . . . , 30ni+30}| = 22, then
A contains 4 pairwise coprime integers. By Lemma 2, it suffices to prove the case that
|(Z+ \ A) ∩ (30k + {1, 3, 4, 5, 7, 8, 11, 13})|= 4,
|(Z+ \ A) ∩ (30k + {17, 19, 22, 23, 25, 26, 27, 29})|= 4.
In this case, we have
(30k + {2, 6, 9, 10, 12, 14, 15})⊆ A,
(30k + {16, 18, 20, 21, 24, 28, 30})⊆ A.
Case 1. a | 30n1 − 1.
Write M := 30n1. If A∩{M +4,M +8} = ∅, then |A∩ (M + {1, 3, 5, 7, 11, 13})| = 4,
and so A contains 4 pairwise coprime integers.
If M + 4 ∈ A and M + 8 6∈ A, then M + 11 ∈ A and 7 | M + 4. Otherwise, M + 4
and three integers in A ∩ (M + {1, 3, 5, 7, 11, 13}) are pairwise coprime. By 7 | M + 4,
it follows that 7 ∤ M − 1. Hence a and three integers in A ∩ (M + {1, 3, 5, 7, 11, 13}) are
pairwise coprime.
If M + 8 ∈ A and M + 4 6∈ A, then M + 1 ∈ A and 7 | M + 8. Otherwise, M + 8
and three integers in A ∩ (M + {1, 3, 5, 7, 11, 13}) are pairwise coprime. Now we have
7 ∤ M−1. Hence a and three integers in A∩(M+{1, 3, 5, 7, 11, 13}) are pairwise coprime.
Now we suppose that M + 4 ∈ A and M + 8 ∈ A. If M + 13 6∈ A, then two integers
in A∩ (M + {1, 3, 5, 7, 11}), a and one integer in {M +4,M +8} which is not a multiple
of 7 are pairwise coprime. Hence M + 13 ∈ A.
If there exists an integer b ∈ {M + 1,M + 5,M + 7} and b ∈ A, then b,M + 4,M +
9,M + 13 are pairwise coprime.
If M + 11 ∈ A, then M + 8,M + 9,M + 11,M + 13 are pairwise coprime.
Therefore
A ∩ (M + {1, 3, 4, 5, 7, 8, 11, 13}) = (M + {3, 4, 8, 13}).
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If 7 ∤ a, then a,M + 3,M + 13 and the integer in {M + 4,M + 8} which is not a
multiple of 7 are pairwise coprime. Hence now we assume that 7 | a.
Since |(Z+ \ A) ∩ (30k + {17, 19, 22, 23, 25, 26, 27, 29})| = 4, it follows that |(M +
{17, 19, 23, 25, 29})∩ A| ≥ 1.
If M + 17 ∈ A, then a,M + 3,M + 8,M + 17 ∈ A are pairwise coprime.
If M + 19 ∈ A, then a,M + 3,M + 4,M + 19 ∈ A are pairwise coprime.
If M + 23 ∈ A, then a,M + 3,M + 8,M + 23 ∈ A are pairwise coprime.
If M + 25 ∈ A, then M + 4,M + 9,M + 13,M + 25 ∈ A are pairwise coprime.
If M + 29 ∈ A, then a,M + 4,M + 9,M + 29 ∈ A are pairwise coprime.
Hence, |A ∩ {M + 1,M + 2, . . . ,M + 30}| ≤ 21.
Case 2. a | 30n2 + 31.
This case is nearly the same as Case 1, we only need to replace 30n1+i by 30n2+30−i
for i = 1, 2, . . . , 29 and replace 30n1 + 30 by 30n2 + 30. The proofs are the same.
Case 3. a | 30n3 − 11.
Write M := 30n3. If A∩{M +4,M +8} = ∅, then |A∩ (M + {1, 3, 5, 7, 11, 13})| = 4,
and so A contains 4 pairwise coprime integers.
If M + 4 ∈ A and M + 8 6∈ A, then M + 11 ∈ A and 7 | M + 4. Otherwise, M + 4
and three integers in A∩ (M + {1, 3, 5, 7, 11, 13}) are pairwise coprime. By 7 |M +4, we
have 7 ∤ M − 11. Hence a and three integers in A ∩ (M + {1, 3, 5, 7, 11, 13}) are pairwise
coprime.
If M + 8 ∈ A and M + 4 6∈ A, then M + 1 ∈ A and 7 | M + 8. Otherwise, M + 8
and three integers in A∩ (M + {3, 5, 1, 7, 11, 13}) are pairwise coprime. By 7 |M +8, we
have 7 ∤ M − 11. If M + 11 6∈ A, then a and three integers in A ∩ (M + {1, 3, 5, 7, 13})
are pairwise coprime. Now we assume that M + 11 ∈ A. If M + 3 6∈ A, then M + 9 and
A ∩ (M + {1, 5, 7, 11, 13}) are pairwise coprime. If M + 3 ∈ A, then M + 1,M + 2,M +
3,M + 11 ∈ A are pairwise coprime.
Now we suppose that M + 4 ∈ A and M + 8 ∈ A. If M + 11 6∈ A, choose an integer
b ∈ A ∩ (M + {1, 5, 7, 13}), then a, b,M + 4,M + 9 ∈ A are pairwise coprime. Next we
assume that M + 11 ∈ A.
If there exists an integer b ∈ A and b ∈ {M + 5,M + 7,M + 13}, then b,M + 8,M +
9,M + 11 are pairwise coprime.
If M + 1 ∈ A, then M + 1,M + 9,M + 10,M + 11 ∈ A are pairwise coprime.
If M + 3 ∈ A and 11 ∤ a, then a,M + 9,M + 11,M + 14 are pairwise coprime.
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Finally we assume that M + 3 ∈ A and 11 | a.
Subcase 1. M + 22 ∈ A and M + 26 6∈ A.
If M + 29 6∈ A, then M + 22 and three integers in A ∩ (M + {17, 19, 23, 25, 27}) are
pairwise coprime.
If M + 29 ∈ A, then M + 11,M + 9,M + 14,M + 29 ∈ A are pairwise coprime.
Subcase 2. M + 22 6∈ A and M + 26 ∈ A.
If M + 19 6∈ A, then M + 26 and three integers in A ∩ (M + {17, 23, 25, 27, 29}) are
pairwise coprime.
If M + 19 ∈ A, then a,M + 19,M + 9,M + 4 ∈ A are pairwise coprime.
Subcase 3. M + 22 ∈ A and M + 26 ∈ A.
Since |(Z+ \ A) ∩ (M + {17, 19, 22, 23, 25, 26, 27, 29})|= 4, we have
|A ∩ (M + {17, 19, 23, 25, 29}) ≥ 1.
If M + 17 ∈ A, then M + 8,M + 9,M + 11,M + 17 ∈ A are pairwise coprime.
If M + 19 ∈ A, then a,M + 4,M + 9,M + 19 ∈ A are pairwise coprime.
If M + 23 ∈ A, then M + 3,M + 8,M + 11,M + 23 ∈ A are pairwise coprime.
If M + 25 ∈ A, by 11 |M − 11, then 11 ∤ M + 14 and a,M + 9,M + 14,M + 25 ∈ A
are pairwise coprime.
If M + 29 ∈ A, then M + 9,M + 11,M + 14,M + 29 ∈ A are pairwise coprime.
Hence, |A ∩ {M + 1,M + 2, . . . ,M + 30}| ≤ 21.
Subcase 4. M+22 /∈ A andM+26 /∈ A. It follows that |A∩(M+{17, 19, 23, 25, 27, 29})| =
4, and so A contains 4 pairwise coprime integers.
Case 4. a | 30n4 + 41.
This case is nearly the same as Subcase 2, we only need to replace 30n3 + i by
30n4 + 30− i for i = 1, 2, . . . , 29 and replace 30n3 + 30 by 30n4 + 30. The proofs are the
same.
Therefore, for any positive integer q, we have |A(n) ∩ {1, 2, . . . , 30aq}| ≤ (22a − 4)q
and |A(n) ∩ {30q + 1, 30q + 2, . . . , 30q + 30}| ≤ 22.
Now let n = 30aq1 + 30q2 + r, 0 ≤ r < 30, 0 ≤ q2 ≤ a − 1. Then |A(n)| ≤
(22a− 4)q1 + 22q2 + r, where 0 ≤ r < 30 and 0 ≤ q2 ≤ a− 1. Hence it suffices to prove
that
(22a− 4)q1 + 22q2 + r ≤
22a− 4
30a
(30aq1 + 30q2 + r) +
176
15
.
12
That is, 4q2
a
+ r − 22a−4
30a
r ≤ 176
15
. It is clear that
4q2
a
+ r −
22a− 4
30a
r ≤
4(a− 1)
a
+ 29−
22a− 4
30a
× 29 < 4 + 29−
22× 29
30
=
176
15
.
7 Proof of Theorem 3
In the first step we prove the first part of Theorem 3. Let A ∈ C1(n), A 6⊆ E1(n) and let a
be the smallest odd integer of A. We may assume that a is squarefree, i.e., a = q1q2 · · · qt,
where 3 ≤ q1 < . . . < qt are primes. It is clear that two consecutive integers are coprime,
and the conditions (m, a) = (m + 1, a) = 1 means that m satisfies the following linear
congruences m ≡ ai mod qi and m + 1 ≡ ai + 1 mod qi, where 1 ≤ ai ≤ qi − 2. The
number of such congruences is
∏t
i=1(qi − 2).
Thus we have
|{m : 1 ≤ m ≤ a, (m, a) = (m+ 1, a) = 1}| =
t∏
i=1
(qi − 2)
= a ·
t∏
i=1
(
1−
1
qi
)2
·
t∏
i=1
1− 2/qi
(1− 1/qi)2
= a ·
t∏
i=1
(
1−
1
qi
)2
·
t∏
i=1
q2i − 2qi
q2i − 2qi + 1
≥ a ·
t∏
i=1
(
1−
1
qi
)2
·
∏
p≥3
(
1−
1
(p− 1)2
)
≫ a ·
t∏
i=1
(
1−
1
qi
)2
= a ·
ϕ(a)2
a2
≫
1
a
·
( a
log log a
)2
=
a
(log log a)2
.
It follows that
|{m : 1 ≤ m ≤ n, (m, a) = (m+ 1, a) = 1}|
≥ |{m : 1 ≤ m ≤
[n
a
]
a, (m, a) = (m+ 1, a) = 1}|
≫
a
(log log a)2
·
[n
a
]
≫
n
(log log n)2
.
We assume that there are v even integers and w odd integers in the set
{m : 1 ≤ m ≤ n, (m, a) = (m+ 1, a) = 1}.
Obviously, v ≫ n
(log logn)2
or w ≫ n
(log logn)2
.
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If v ≫ n
(log logn)2
, then we may choose in A at most one integer from each pair of
(1, 2), . . . , (2[n/2] + 1, 2[n/2] + 2). Thus we have
|A| =
⌊n
2
⌋+1∑
k=1
|A ∩ {2k − 1, 2k}| ≤
⌊n
2
⌋
+ 1− v ≤
n
2
− c1
n
(log logn)2
,
where c1 is an absolute positive constant.
If w ≫ n
(log logn)2
, then we may chose in A at most one integers from each pair of
(2, 3), . . . , (2[n/2], 2[n/2] + 1). Thus we have
|A| ≤ 1 +
⌊n
2
⌋∑
k=1
|A ∩ {2k, 2k + 1}| ≤ 1 +
⌊n
2
⌋
− w ≤
n
2
− c2
n
(log logn)2
,
where c2 is also an absolute positive constant.
This completes the proof of the first part of Theorem 3.
In the next step we prove the second part of Theorem 3. First we need three lemmas
in the following.
Lemma 5. If A ∈ C2(n), then for every positive integer k we have
|{6k, 6k + 1, 6k + 2, 6k + 3, 6k + 4, 6k + 5} ∩ A| ≤ 4.
Proof. Assume contrary that |{6k, 6k + 1, 6k + 2, 6k + 3, 6k + 4, 6k + 5} ∩ A| ≥ 5. If
6k+1, 6k+2, 6k+3 ∈ A, then 6k+1, 6k+2, 6k+3 are pairwise coprime, a contradiction. If
6k+3, 6k+4, 6k+5 ∈ A, then 6k+1, 6k+2, 6k+3 are also pairwise coprime, a contradiction
again. Now we may assume 6k + 3 /∈ A. Then we have 6k + 1, 6k + 2, 6k + 5 ∈ A, but
6k + 1, 6k + 2, 6k + 5 are obviously pairwise coprime, which is absurd.
The proof of the Lemma is completed.
Lemma 6. Let a be a positive integer with (a, 6) = 1 and a ≥
∏12
i=3 pi. Then we have
|{m : 1 ≤ m ≤ a, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}| ≫
a
(log log a)5
.
Proof. Let a = q1q2 · · · qt, where 5 ≤ q1 < q2 < · · · < qt are primes. Suppose that t = 1.
Take m = 6, 12, . . . , 6
([
a
6
]
− 1
)
. Then we have (m+ i, a) = 1 for i = 0, 1, 2, 3, 5, and so
|{m : 1 ≤ m ≤ a, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}| ≥
[a
6
]
− 1≫
a
(log log a)5
.
Now we assume that t ≥ 2. Define the set S by
S =
{
s : 1 ≤ s ≤
a
qt
,
(
s+ i,
a
qt
)
= 1 for i = 0, 1, 2, 3, 5
}
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Then we have
{m : 1 ≤ m ≤ a, (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}
=
⋃
s∈S
{
s+ l ·
a
qt
: 0 ≤ l ≤ qt − 1, (s+ l ·
a
qt
+ i, qt) = 1 for i = 0, 1, 2, 3, 5
}
:=
⋃
s∈S
Ss.
It is easy to see that, for a fixed s ∈ S and i ∈ {0, 1, 2, 3, 5}, the integers s+ l · a
qt
+ i (0 ≤
l ≤ qt− 1) form a complete residue system modulo qt. Since qt ≥ 7, we have |Ss| = qt− 5
for every s ∈ S. It follows from ( a
qt
, 6) = 1 that
∣∣∣∣
{
l : 0 ≤ l ≤ qt − 1, 6 | s+ l ·
a
qt
}∣∣∣∣ ≥ [qt6
]
.
Then we have∣∣∣∣
{
l : 0 ≤ l ≤ qt − 1, 6 | s+ l ·
a
qt
and
(
s + l ·
a
qt
+ i, a
)
= 1 for i = 0, 1, 2, 3, 5
}∣∣∣∣ ≥ [qt6
]
−5.
It follows that∣∣∣∣
{
l : 0 ≤ l ≤ qt − 1, 6 | s+ l ·
a
qt
and
(
s+ l ·
a
qt
+ i, a
)
= 1 for i = 0, 1, 2, 3, 5
}∣∣∣∣
≥
[
qt
6
]
− 5
qt − 5
·
∣∣∣∣
{
l : 0 ≤ l ≤ qt − 1 and
(
s+ l ·
a
qt
+ i, a
)
= 1 for i = 0, 1, 2, 3, 5
}∣∣∣∣ .
Then we obtain
|{m : 1 ≤ m ≤ a, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}|
≥
[
qt
6
]
− 5
qt − 5
· |{m : 1 ≤ m ≤ a and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}|.
If q1 = 5, then (m, a) = (m + 1, a) = (m + 2, a) = (m + 3, a) = (m + 5, a) = 1 means
that m satisfies the following linear congruences m ≡ 1 mod 5 and m ≡ ai mod qi, where
ai ∈ {1, 2, . . . , qt − 6, qt − 4} for i = 2, 3, . . . , t. The number of such congruences is∏t
i=2(qi − 5). Hence we have
|{m : 1 ≤ m ≤ a and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}| =
t∏
i=2
(qi − 5)
=
1
5
(
t∏
i=1
qi
)(
t∏
i=2
1− 5
qi
(1− 1
qi
)5
)(
t∏
i=1
(
1−
1
qi
)5)
1
(1− 1
5
)5
≥
∏
p≥7
(1− 5
p
)
(1− 1
p
)5
5(1− 1
5
)5
· a ·
ϕ(a)5
a5
≫
a
(log log a)5
.
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If q1 ≥ 7, the proof is the similar. For the sake of completeness, we present it here.
If q1 ≥ 7, then (m, a) = (m+ 1, a) = (m+ 2, a) = (m+ 3, a) = (m+ 5, a) = 1 means
that m satisfies the following linear congruences m ≡ ai mod qi, where ai ∈ {1, 2, . . . , qt−
6, qt − 4} for i = 1, 2 . . . , t. The number of such congruences is
∏t
i=1(qi − 5). Hence we
obtain
t∏
i=1
(qi − 5) =
(
t∏
i=1
qi
)(
t∏
i=1
1− 5/qi
(1− 1/qi)5
)(
t∏
i=1
(1−
1
qi
)5
)
≥
∏
p≥7
(1− 5/p)
(1− 1/p)5
· a ·
ϕ(a)5
a5
≫
a
(log log a)5
.
Since a ≥
∏12
i=3 pi, it follows that qt ≥ 37, and so[
qt
6
]
− 5
qt − 5
≥
[
41
6
]
− 5
41− 5
=
1
36
,
which completes the proof.
Lemma 7. Let A ∈ C2(n), a ∈ A and k be a positive integer with (6k, a) = (6k+1, a) =
(6k + 2, a) = (6k + 3, a) = (6k + 5, a) = 1, then we have
|{6k, 6k + 1, 6k + 2, 6k + 3, 6k + 4, 6k + 5} ∩ A| ≤ 3.
Proof. Assume contrary that
|{6k, 6k + 1, 6k + 2, 6k + 3, 6k + 4, 6k + 5} ∩ A| ≥ 4.
Then it is clear that
|{6k + 1, 6k + 2, 6k + 3, 6k + 5} ∩ A| ≥ 2.
Obviously, if we choose two elements from the set {6k + 1, 6k + 2, 6k + 3, 6k + 5} ∩ A,
then these elements and a are pairwise coprime, which is absurd.
Now we are ready to prove the second case of Theorem 3. Let a be the smallest
element of A with (a, 6) = 1. According to Lemma 5 and Lemma 7 we have
|A| = |{1, 2, 3, 4, 5} ∩ A|+
[n/6]∑
k=1
|{6k, 6k + 1, 6k + 2, 6k + 3, 6k + 4, 6k + 5} ∩ A|
≤ 5 + 4 ·
[n
6
]
− |{m : 1 ≤ m ≤ n, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}|.
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Thus it is enough to prove that
|{m : 1 ≤ m ≤ a, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}| ≫
n
(log log n)5
We distinguish two cases.
Case 1. a <
∏12
i=3 pi. There exists a 0 ≤ l ≤ 5 such that 6 | l · a + 1. We choose
m = l · a + 1. Then we have (m, a) = (l · a + 1, a) = 1, (m + 1, a) = (l · a + 2, a) = 1,
(m+2, a) = (l · a+3, a) = 1, (m+3, a) = (l · a+4, a) = 1, (m+5, a) = (l · a+6, a) = 1.
It follows that
|{m : 1 ≤ m ≤ n, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}|
≥
∣∣∣∣
{
6aj + la + 1 : 0 ≤ j ≤
[
n
6a0
]
− 1
}∣∣∣∣ =
[
n
6a0
]
≫
n
(log logn)5
.
Case 2. a ≥
∏12
i=3 pi. By Lemma 6, we have
|{m : 1 ≤ m ≤ a, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5}|
≥
∣∣∣∣∣∣∣
⋃
0≤j≤[n−a6a ]
(6ja+ {m : 1 ≤ m ≤ a, 6 | m and (m+ i, a) = 1 for i = 0, 1, 2, 3, 5})
∣∣∣∣∣∣∣
≫
n
6a
·
a
(log log a)5
≫
n
(log log n)5
.
The proof of Theorem 3 is completed.
8 Proof of Theorem 4
For any integer n ≥
∏k+2
i=1 pi, there exists an integer l ≥ k + 1 such that
l+1∏
i=1
pi ≤ n <
l+2∏
i=1
pi.
We define the set
A = {m : m ≤ n, there exists pi, pj with i ≤ k < j ≤ l such that pipj | m}∪{pk+1pk+2 · · · pl}.
Obviously, A ∈ Ck(n) and A 6⊆ Ek(n). It is easy to see that
|A∩[1, p1p2 · · · pl]| =
(
p1p2 · · · pk−ϕ(p1p2 · · · pk)
)
·
(
pk+1pk+2 · · · pl−ϕ(pk+1pk+2 · · · pl)
)
+1.
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It follows that
|A| ≥
∣∣∣∣A ∩
[
1,
[
n
p1p2 · · · pl
]
p1p2 · · · pl
]∣∣∣∣
≥
[
n
p1p2 · · · pl
]
(p1p2 · · · pk − ϕ(p1p2 · · · pk)) · (pk+1pk+2 · · · pl − ϕ(pk+1pk+2 · · · pl)) .
We give an upper estimation to the fractional part of n
p1p2···pl
. It is easy to see from the
definition of l that pl+1 ∼ logn and therefore{ n
p1p2 · · · pl
}
≤ 1 ≤ c ·
pl+1
log n
≤ c ·
n
p1p2 · · · pl
·
1
logn
,
where c is an absolute positive constant. Thus we have[ n
p1p2 · · · pl
]
=
n
p1p2 · · · pl
−
{ n
p1p2 · · · pl
}
≥
n
p1p2 · · · pl
(
1−
c
log n
)
.
Clearly,
ϕ(pk+1pk+2 · · · pl) =
p1p2 · · · pk
ϕ(p1p2 · · · pk)
·
ϕ(p1p2 · · · pl)
p1p2 · · · pl
· pk+1pk+2 · · · pl < ck
pk+1pk+2 · · ·pl
log log n
.
It follows that
|A| ≥
n
p1p2 · · · pl
(
1−
c
log n
)
·
(
p1p2 · · · pk − ϕ(p1p2 · · · pk)
)
· pk+1pk+2 · · · pl
(
1−
ck
log log n
)
≥
n
p1p2 · · · pk
(
p1p2 · · · pk − ϕ(p1p2 · · · pk)
)
−
2ckn
log log n
,
where ck is an absolute positive constant depending only on k. Obviously,
|Ek(n)| =
n
p1p2 · · · pk
(
p1p2 · · · pk − ϕ(p1p2 · · ·pk)
)
+Ok(1).
Hence
|Ek(n)| − |A| ≪k
n
log logn
.
This completes the proof of Theorem 4.
9 Acknowledgement
The authors would like to thank Ja´nos Pintz for the valuable discussions about Theorem 1.
This work was done during the third author visiting to Budapest University of Technology
and Economics. He would like to thank Dr. Sa´ndor Kiss and Dr. Csaba Sa´ndor for their
warm hospitality.
18
References
[1] R. Ahlswede, L. H. Khachatrian, On extremal sets without coprimes, Acta Arith.,
66 (1994), 89-99.
[2] Y-G. Chen, X-F. Zhou, On sequences containing at most 4 pairwise coprime integers,
Discrete Math., 313 (2013), 357-365.
[3] S. L. G. Choi, On sequences containing at most 3 pairwise coprime integers, Trans.
Amer. Math. Soc. 183 (1973), 437-440.
[4] P. Erdo˝s, Remarks in number theory IV., Mat. Lapok 13 (1962), 228-255.
[5] P. Erdo˝s, Extremal problems in Number Theory, in: Proc. Sympos. Pure Math., 8
Amer. Math. Soc. Providence, R.I, (1965), 181-189.
[6] M. Mo´csy, About maximal subsets not containing 5 pairwise co-prime numbers, The-
sis, Eo¨tvo¨s Lora´nd University, Budapest, (1988), (in Hungarian).
[7] J. Pintz, On the ratio of consecutive gaps between primes, in: Analytic Number
Theory, In Honor of Helmut Maier’s 60th Birthday, Springer 2015, 285-304.
[8] Cs. Szabo´, G. To´th, Maximal sequences not containing 4 pairwise coprime integers,
Mat. Lapok 13 (1985), 253-257 (in Hungarian).
19
